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A NEW PROOF OF NAKAYAMA’S CONJECTURE VIA
BRAUER QUOTIENTS OF YOUNG MODULES
WILLIAM O’DONOVAN
Abstract. We provide a self-contained proof of the main properties of
Brauer quotients of Young modules. We then use these results to give
a new inductive proof of Nakayama’s Conjecture on the blocks of the
symmetric group.
1. Introduction
Let G be a finite group and p be a prime. We say that a block (or a
p-block) of G is a primitive idempotent e in the centre of the group algebra
FpG. We say that an indecomposable FG-module U lies in the block e
(or belongs to e) if eU = U . Understanding the blocks of a group is an
important problem in modular representation theory: for example, sorting
the simple and indecomposable modules of FG into blocks yields a block
diagonal decomposition of the Cartan matrix of G, as described in [16,
Corollary 12.1.8] (hence the nomenclature).
Unfortunately, in general it is also a difficult problem to understand the
blocks of a finite group. An exception, however, is in the case of the sym-
metric group, where there is a beautiful combinatorial characterisation of
the blocks, given by a result still known as Nakayama’s Conjecture.
We define a partition of n ∈ N0 to be a sequence λ = (λ1, λ2, . . .) of
non-increasing non-negative integers, such that
∑
i λi = n. There is a close
connection between much of the representation theory of the symmetric
group Sn and the combinatorics of partitions. A partition may be visualised
by means of its Young diagram, which is an array consisting of λ1 boxes in
the first row, λ2 boxes in the second row, and so on.
A node (i, j) in the Young diagram [λ] of λ is said to form part of the
rim if (i+ 1, j + 1) /∈ [λ]. A collection of p edge-connected nodes in the rim
of [λ] is a p-hook if their removal from [λ] leaves the Young diagram of a
partition. We define the p-core of λ, which we denote by cp(λ), to be the
partition obtained by repeatedly removing all p-hooks from λ. The number
of p-hooks removed is called the p-weight of λ. It is fairly easy to see using
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the abacus notation for partitions (see [10, p.76–78]) that the p-core of a
partition is independent of the manner in which we remove the p-hooks, and
accordingly is well-defined.
The importance of p-cores is that they label the blocks of the symmetric
group, in the following sense, as Nakayama conjectured in 1940:
Theorem 1. The blocks of the symmetric group are labelled by pairs (γ,w),
where γ is a p-core and w ∈ N0 is such that n = |γ|+ pw. Thus the Specht
module Sλ lies in the block (γ,w) of Sn if and only if cp(λ) = γ.
Nakayama’s Conjecture was proved by Brauer and Robinson in 1947; see
[3] and [14]. Since then, many proofs have been found. A proof using Brauer
pairs can be found in [5]. Murphy gave a proof of Nakayama’s Conjecture
by explicitly constructing a complete set of primitive idempotents for the
symmetric group algebra in prime characteristic using Murphy operators in
[13]. Perhaps the shortest proof is [12], which uses generalised decomposition
numbers; this argument can also be found in English in [10, p.270–275].
With such an abundance of proofs, picking a favourite is a matter of taste.
In this paper, we give a new proof of Nakayama’s Conjecture, which we feel
has two points to recommend it. First, our proof will use only the repre-
sentation theory of the symmetric group, in keeping with the philosophy
that results about the symmetric group deserve to be proved with just the
machinery of the symmetric group. Secondly, our proof is comparatively
elementary: it is free from any kind of calculation, and no more than basic
knowledge of block theory is required.
Our main tool will be the Brauer quotients of Young modules; the fun-
damental results on these were first proved by Grabmeier and Klyachko in
[8] and [11], using the Schur algebra. A proof using only the representation
theory of the symmetric group was published in [6], and corrected in the
setting of the general linear group in [7]. Although the proof given in [7] can
be streamlined considerably for symmetric groups, this has not appeared in
print. Moreover, some of the intermediate results used to obtain this proof
will be required in our proof of Nakayama’s Conjecture. For these reasons,
we provide an account of the Brauer quotients of Young modules and a self-
contained proof of the key result on these modules, stated as Theorem 4
below.
The paper is structured as follows. In Section 2, we set out the important
background on the Brauer quotient. We then re-prove the key properties of
the Brauer quotients of Young modules. Section 4 is a summary of the results
from block theory which we shall need throughout the proof of Nakayama’s
Conjecture. We begin proving Nakayama’s Conjecture in Section 5 by in-
duction on the degree of the symmetric group; step 1 is an easy base case.
Next we show that Young modules having a common vertex lie in the same
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block if and only if their labelling partitions have the same p-core, in Step 2.
In Step 3, we find a way to compare the blocks of non-projective Young mod-
ules which have different vertices. We conclude in step 4 by understanding
the blocks of projective Young modules (about which taking Brauer quo-
tients provides no information). We deal with Young modules labelled by
p-core partitions by showing that they are simple and projective; for other
p-restricted partitions we have to use the Mullineux map and duality to
understand their blocks.
2. The Brauer Quotient
Throughout, let p be a prime number, F be a field of characteristic p and
G be a finite group. For a fuller exposition of the material in this section,
see Broue´’s original paper [4].
We say that an FG-module V is a p-permutation module if whenever P
is a p-subgroup of G, there is a linear basis of V which is permuted by P .
It is not too hard to see that the p-permutation modules are precisely the
FG-modules with trivial source (see [4, 0.4]).
Given a p-subgroup Q of G, define V Q = {v ∈ V : qv = v for all q ∈ Q},
the set of Q-fixed elements of V . Let R be a subgroup of Q, and let T be a
transversal for R in Q. We define the trace map TrQR : V
R → V Q by
TrQR(v) =
∑
g∈T
gv.
Now ∑
R<Q
TrQR(V
R)
is a FNG(Q)-module which is contained in V
Q; hence we may define the
following FNG(Q)-module:
V (Q) = V Q/
∑
R<Q
TrQR(V
R).
This is the Brauer quotient of V with respect to Q.
There is a more tangible way to think of the Brauer quotient. Let P be a
Sylow p-subgroup of G with corresponding p-permutation basis B. For each
v ∈ B, denote by Pv the stabiliser of v in P . The elements
∑
g∈P/Pv
gv =
TrPPv(v) form a basis of V
P . If Pv is a proper subgroup of P , then this trace
becomes zero on taking the Brauer quotient, so V (P ) = 〈BP 〉.
The importance of the Brauer quotient is that it enables us to determine
the vertices of p-permutation modules. More precisely, we have:
Theorem 2. [4, Theorem 3.2] Let U be a p-permutation FG-module and
let R be a p-subgroup of G. Then R is contained in a vertex of U if and
only if U(R) 6= 0. Moreover, the vertices of U are precisely the maximal
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p-subgroups P of G such that U(P ) 6= 0. If U has vertex P , then U(P ) is
isomorphic to the Green correspondent of U .
The following result, known as the Broue´ correspondence, will also be
extremely important.
Theorem 3. [4, Theorem 3.3] Let P be a p-subgroup of G. The map sending
a FG-module U to its Brauer quotient U(P ) induces a 1-1 correspondence
between isomorphism classes of indecomposable p-permutation FG-modules
with vertex P and indecomposable projective NG(P )/P -modules.
3. Young Modules for Symmetric Groups
We begin our account of the theory of Young modules by reminding the
reader of the key definitions and notation which we shall use; more details
of the representation theory of the symmetric group can be found in [9].
A sequence of non-negative integers (λ1, λ2, . . .) such that
∑
i λi = n is
said to be a composition of n ∈ N (note that in a partition, the sequence must
be weakly decreasing). If λ is a composition of n, we define the corresponding
Young subgroup Sλ to be subgroup of Sn which is the direct product of all the
symmetric groups Sλi . The Young permutation module corresponding to λ
is the FSn-module F
xSn
Sλ
and is denoted byMλ. Over a field of characteristic
0, the simple modules for Sn are the Specht modules, which are indexed by
partitions of n; we use the notation Sλ for the Specht module labelled by λ.
The character of Sλ over a field of characteristic 0 is denoted by χλ.
Now let F be a field of prime characteristic p, and let λ be a partition of
n. We say that λ is p-restricted if λi − λi+1 < p for every i, and that λ is
p-regular if no non-zero part of λ is repeated p or more times. These sets of
partitions give two ways to label the simple FSn-modules. If λ is a p-regular
partition of n, set Dλ := Sλ/rad(Sλ); if λ is a p-restricted partition of n, we
put Dλ := soc(S
λ). The sets {Dλ : λ p-regular} and {Dλ : λ p-restricted}
form complete sets of nonisomorphic simple FSn-modules. We denote by D
the dominance order on partitions.
Write the permutation module Mλ as a direct sum of indecomposable
FSn-modules, say M
λ =
⊕
i Yi. Let t be a λ-tableau with corresponding
signed column sum κt, as defined in [9, Definitions 4.3]. By the Submodule
Theorem (see [9, Theorem 4.8]), if U is a submodule of Mλ then either
κtU = 0 or S
λ ⊆ U . Since κtM
λ is one-dimensional by [9, Corollary 4.7],
there is a unique summand Yj such that κtYj 6= 0. Therefore, Yj is the
unique summand of Mλ containing Sλ as a submodule; this is called the
Young module for λ and is denoted by Y λ. Our goal is to understand the
Young modules, which we shall achieve by proving the following result.
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Theorem 4. The Young modules form a complete set of indecomposable,
pairwise non-isomorphic, summands of the permutation modules Mλ. In
the decomposition of Mλ into indecomposable summands, Y λ appears ex-
actly once, and all other summands are of the form Y µ, where µ☎λ. Write
λ =
∑t
i=0 λ(i)p
i, with each λ(i) a p-restricted partition. Let ri be the degree
of λ(i), and let ρ be the partition of n which has ri parts equal to p
i. Then
a Sylow p-subgroup of Sρ, say P , is a vertex of Y
λ, and the Green corre-
spondent of Y λ satisfies the following isomorphism of FNSn(P )/P -modules
(in the sense as explained before the statement of Lemma 7):
Y λ(P ) ∼= Y λ(0) ⊗ · · · ⊗ Y λ(t).
Suppose that Y λ is a direct summand of Mµ. Then by the above argu-
ment, κtY
λ 6= 0, and hence κtM
µ 6= 0. By [9, Lemma 4.6], it follows that
µ ☎ λ. Furthermore, if Y λ ∼= Y µ, then Y λ is a direct summand of Mµ and
Y µ is a summand of Mλ, whence λ D µ and µ D λ, and so λ = µ.
Remark 5. It is tempting to argue in the above that, if t is a λ-tableau,
then κtS
λ 6= 0. Unfortunately, this is false: for example, if p = n = 2,
λ = (12) and t is the row-standard λ-tableau, then it is easy to see that
κtS
λ = 0. This justifies our taking a slightly longer path than might appear
necessary.
We have proved that the Young modules are pairwise non-isomorphic
and established our claim that only Young modules labelled by partitions
dominating λ can appear as summands ofMλ. To prove the rest of our main
result, we shall need to study Brauer quotients of permutation modules. The
following lemma is critical; this result was originally given in [6, Lemma 1],
but we provide a new, simpler, proof.
Lemma 6. Let M be a p-permutation FG-module, and let P and Q be p-
subgroups of G with Q < P . Suppose that M(P ) =M(Q) as sets. Then M
has no summand with vertex Q.
Proof. Write M as a sum of indecomposable modules, say M =
⊕n
i=1Mi.
For each i, let Bi be a p-permutation basis of Mi with respect to P ; observe
that Bi is also a p-permutation basis with respect to Q. Therefore, a basis
for Mi(Q) is B
Q
i , and a basis for Mi(P ) is B
P
i . Since Q < P , we have that
BPi ⊆ B
Q
i and hence Mi(P ) ⊆Mi(Q).
Suppose that Mi has vertex Q. Then Mi(P ) = 0 and Mi(Q) 6= 0, by
Theorem 2. But then M(P ) is strictly contained in M(Q), which is a con-
tradiction. 
Let λ be a partition of n, and let Q be a p-subgroup of Sn. We consider
the structure of Mλ(Q). Observe that if {t} is a λ-tabloid which is fixed
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by Q and O is an orbit of Q on {1, . . . , n}, then all elements of O must
lie in the same row of {t}. Moreover, if P is a p-subgroup of Sn with the
same orbits as Q, then Mλ(P ) =Mλ(Q). In particular, if Q has ri orbits of
length pi, and if ρ is the partition of n with ri parts equal to p
i, then a Sylow
p-subgroup of the Young subgroup Sρ, say P , satisfies M
λ(P ) = Mλ(Q).
It follows from Lemma 6 that the possible vertices of summands of Mλ are
Sylow p-subgroups of such Young subgroups Sρ.
Fix a partition ρ with all its parts powers of p and let Qρ be a Sylow
p-subgroup of Sρ; in order to exploit the Broue´ correspondence, we must
understand the group NSn(Qρ). Observe that, since NSn(Sρ) permutes or-
bits of Sρ of length p
i as blocks for its action, NSn(Sρ) is conjugate to the
direct product (S1 ≀Sr0)×(Sp ≀Sr1) · · ·×(Spt ≀Srt). Consequently, NSn(Sρ)/Sρ
is isomorphic to Sr0 × · · · × Srt . On the other hand, applying the Frattini
argument to NSn(Sρ), we have that
NSn(Sρ) = NNSn (Sρ)(Qρ)Sρ ⊂ NSn(Qρ)Sρ.
Since the right-hand side is contained in NSn(Sρ), we have that NSn(Sρ)
∼=
NSn(Qρ)Sρ. It follows from this and the Second Isomorphism Theorem that
NSn(Sρ)/Sρ = NSn(Qρ)/NSρ(Qρ).
But the action of Sρ on M
λ(Qρ) is trivial,so the structure of M
λ(Qρ) as a
module for NSn(Qρ)/Qρ is the same as its structure considered as a module
for NSn(Qρ)/NSρ(Qρ), which have already seen is isomorphic to Sr0 × · · · ×
Srt . This justifies our considering M
λ(Qρ) and Y
λ(Qρ) as modules for this
product of symmetric groups: it is simply more convenient to treat these
Brauer quotients this way. We shall use this frequently without further
comment throughout the paper.
Lemma 7. [6, Proposition 1] There is an isomorphism of FNSn(Qρ)/Qρ-
modules:
Mλ(Qρ) ∼=
⊕
α∈T
Mα(0) ⊗ · · · ⊗Mα(t),
where T is the set of all t+ 1-tuples (α0, . . . , αt) such that α(i) is a compo-
sition of ri and
∑t
i=0 α(i)p
i = λ.
Proof. Consider a λ-tabloid {t} which is fixed by the action of Qρ, so the ele-
ments of each Qρ-orbit lie in the same row of {t}. For each i, let O
i
1, . . . ,O
i
ri
denote the Qρ-orbits of length p
i. We define a composition α(i) of ri by set-
ting the jth entry of α(i) equal to k ∈ N ∪ {0} if the jth row of {t} contains
exactly k elements from {Oi1, . . . ,O
i
ri}.
We now define a linear map φ :Mλ(P )→Mα(0) ⊗ · · · ⊗Mα(t) by setting
φ({t}) = {v0} ⊗ · · · ⊗ {vt}, where {vi} is the α(i)-tabloid which has entry
j in row k if and only if the elements of Oij lie in row k of {t}. This map
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induces a linear isomorphism between the two modules, as claimed, so all
that remains is to show that φ is a FNSn(Qρ)/Qρ-module isomorphism.
Let g ∈ FNSn(Qρ)/Qρ
∼= Sr0 × · · · × Srt , so g permutes the P -orbits of
length pi. Say that φ(g{t}) = {w0}⊗ · · · ⊗ {wt}. Suppose that the orbit O
i
j
lies in row k of {t}; then the orbit Oig(j) lies in row k of g{t} and hence the
entry g(j) is in row k of {wi}. But, by construction, the tabloid {vi} has
entry j in row k, whence g{vi} has g(j) in row k. Therefore, g{vi} = {wi}
for every i, and so φ is indeed a homomorphism, as required. 
Finally, we shall require the following easy combinatorial result about
partitions, often referred to as the p-adic expansion of a partition.
Lemma 8. Let n ∈ N and p be a prime. There is a bijection between the
set of all partitions λ of n and all tuples of the form (α(0), . . . , α(t)), such
that α(i) is a p-restricted partition for each i, given by λ↔ (α(0), . . . , α(t))
where λ =
∑
α(i)pi.
We are now ready to complete the proof of Theorem 4. To do this, we
must prove the following three assertions; this tripartite division is in the
same spirit as the proof of the main theorem in [6].
(1) Every summand of Mλ is a Young module.
(2) A vertex of Y λ is Qρ (recall that this is a Sylow p-subgroup of the
Young subgroup Sρ).
(3) Y λ(Q) ∼= Y λ(0) ⊗ · · · ⊗ Y λ(s), as NSn(Q)/Q-modules.
Proof. We proceed by induction on n. If n < p, then FpSn is a semisimple
algebra, so all its modules are projective. The number of indecomposable
projective modules equals the number of simple FpSn-modules, which is the
number of partitions of n; this is the same as the number of p-restricted
partitions of n. Therefore, all summands of permutation modules Mµ are
Young modules, giving (1). Furthermore, Y λ is projective, so has trivial
vertex, whereas the Young subgroup Sρ has order coprime to p, so (2) holds.
Since the vertex of Y λ is the identity group, Y λ is its own Brauer quotient,
so (3) is trivially true.
Now suppose that n ≥ p and the result is true for all smaller degrees. The
number of indecomposable projective FpSn-modules equals the number of
p-restricted partitions of n. We want to count the number of non-projective
summands of Mµ as µ ranges over all partitions of n. By Theorem 3, this
is the same as the number of projective summands of all Mµ(Qρ), where ρ
ranges over all partitions of n whose parts are all p-powers, excluding the
partition (1n) (because we are excluding the trivial group as a vertex).
The Brauer quotient Mµ(Qρ) is a direct sum of modules of the form
Mα0 ⊗ · · · ⊗Mαt , by Lemma 7. The indecomposable projective summands
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are therefore of the form Pα(0) ⊗ · · · ⊗ Pα(t), where Pα(i) is an indecom-
posable projective module for Sri . The number of possible P
α(i) is equal to
the number of p-restricted partitions of ri. Therefore, the total number of
such summands is equal to the number of tuples of p-restricted partitions
(α(0), . . . , α(t)) such that
∑
α(i)pi is a partition of n, excluding the tuples
just equal to (α(0)).
By Lemma 8, the number of such summands is equal to the number of
partitions of n, less the number of p-restricted partitions. Hence the total
number of summands (projective and non-projective) equals the number of
partitions of n. However, for each partition λ of n, we already have the
Young module Y λ as a summand of Mλ. Consequently, there can be no
other summands, and (1) is established.
We prove (2) and (3) by a further induction on the dominance order
of partitions. Write n =
∑
aip
i, the p-adic expansion of n. The module
Y (n) is the trivial module, so it has vertex a Sylow p-subgroup of Sn. By
the construction of Sylow p-subgroups of Sn as iterated wreath products, it
follows that Y (n) has vertex a Sylow p-subgroup of Sρ, where ρ has ai parts
equal to pi. Moreover, the Brauer quotient is the trivial module, which is
isomorphic to Y (a0) ⊗ · · · ⊗ Y (at). Now suppose that λ < (n) and λ is not
p-restricted. Write λ =
∑t
i=0 λ(i)p
i, with each λ(i) a p-restricted partition.
Let ρ and Qρ be as in the statement of Theorem 4.
By Lemma 7, Mλ(0)⊗· · ·⊗Mλ(t) is a summand of Mλ(Qρ). Since the de-
gree of each λ(i) is strictly smaller than that of λ, we may apply the inductive
hypothesis to each tensor factor. Therefore, Mλ(Qρ) has the indecompos-
able projective module X := Y λ(0) ⊗ · · · ⊗ Y λ(t) as a direct summand. This
corresponds to an indecomposable summand of Mλ with vertex Qρ. We
have already seen that Mλ is a direct sum of Y λ and other modules Y µ,
where µ > λ (and, by (1), these are the only summands). By the inductive
hypothesis, the Brauer quotient of Y µ for µ > λ is not X, so Y λ has vertex
P and Brauer quotient X, as required. So (2) and (3) hold, except for the
case when λ is p-restricted.
Finally, we have seen that if λ is not p-restricted, then Y λ has non-trivial
vertex, so cannot be projective. It follows that all the remaining Young
modules must be projective; in other words, if λ is p-restricted, then Y λ is
projective. 
4. Block Theory
In this section, we set out the important tools we shall need from block
theory in proving Nakayama’s Conjecture. For a general introduction to
block theory, we refer the reader to [1, Chapter 4]. At several points in the
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argument, we shall wish to pass between different types of module labelled
by a partition of n. Our first lemma justifies this.
Lemma 9. Let λ be a p-regular partition of n and B be a block of Sn. The
following are equivalent:
(1) Y λ lies in B;
(2) Every summand of Sλ lies in B;
(3) Dλ lies in B.
Proof. Assuming (1), let e be the block idempotent corresponding to B; Y λ
lies in B, so e acts as the identity on Y λ. Since Sλ is a submodule of Y λ,
e also acts as the identity on Sλ, whence every summand of Sλ must lie in
B. Similarly, Dλ is a subquotient of Sλ, so if e acts as the identity on Sλ,
then e acts as the identity on Dλ as well.
Conversely, extending a composition series for Sλ to one for Y λ shows
that Dλ is a composition factor of Y λ. Young modules are indecomposable,
so Y λ lies in the block B if and only if Y λ has a composition factor in B.
Therefore, if Dλ lies in B, then Y λ also lies in B. 
Our next result gives a useful condition for a group to have only one block;
to present it, we shall require the notion of covering, as defined in [1, p.105].
If G is a group with normal subgroup N , and B and C are blocks of G and
N respectively, we say that B covers C if there is some FG-module M lying
in B such that M
y
N
has a summand lying in C. Recall that for a group G,
the block in which the trivial FG-module lies is called the principal block of
G and is denoted by b0(G).
Lemma 10. Suppose that the group G has a normal p-subgroup L such that
CG(L) ≤ L. Then G has a unique block.
Proof. We recall that b0(L) has defect group L. By [1, Theorem 15.1(5)],
there is a unique block B of G covering b0(L). Since L is a p-group, L
has just one indecomposable projective module, and hence only one block.
Moreover, every block of L is covered by some block of G by [1, Theorem
15.1(4)], and so G must have a unique block. 
We shall also need to understand how taking duals affects the block in
which a FSn-module lies; the answer is provided by the following elementary
lemma.
Lemma 11. Let M be a FSn-module lying in the block B of Sn. Then the
dual module M⋆ also lies in B.
Proof. By considering each indecomposable summand of M separately if
necessary, we may assume that M is indecomposable. Let Dλ be a compo-
sition factor of M , so Dλ lies in B. However, since Dλ is self-dual, Dλ is
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also a composition factor of M⋆: M⋆ is an indecomposable module with a
composition factor in B, so M⋆ lies in B. 
The following generalisation of Brauer’s Second Main Theorem will be
essential in our argument; to state it, we recall the definition of the Brauer
correspondence from [1, p.101]. If H is a subgroup of G, and C is a block of
H, we say the block B of G corresponds to C, and denote this by CG = B, if
C (considered as a module for H×H) is a direct summand of (B×B)
y
H×H
and B is the unique block of G with this property.
Lemma 12. [17, Lemma 7.4] Let M be an indecomposable p-permutation
FG-module with vertex P , such that M lies in the block B of G. Let Q be a
subgroup of P , and suppose that the Brauer quotient M(Q) has a summand
in the block C of NG(Q). Then C
G is defined and CG = B.
5. Proof of Nakayama’s Conjecture
We now begin the proof of Nakayama’s Conjecture, which we break up
into a number of steps. If γ is a p-core, we denote by bγ the block of Sn
which is labelled by γ. The proof is by induction on n.
Step 1: Base Case. If n < p, then every partition of n is p-restricted,
and so every Young module is projective by Theorem 4. Moreover, the
algebra FSn is semisimple, so each Young module is simple. It follows by
[1, Proposition 13.3(2)] that any two Young modules lie in different blocks.
On the other hand, all the partitions of n are p-cores, so the result holds.
Now suppose that n ≥ p and Nakayama’s Conjecture holds for all symmetric
groups of lower degree.
Step 2: Common Vertices. Let λ be a partition of n with p-adic expan-
sion λ =
∑t
i=0 λ(i)p
i, and put ri = |λ(i)|. Recall that by Theorem 4 the
tuple (r0, r1, . . . , rt) determines the vertex of the module Y
λ. We call the
tuple (r0, r1, . . . , rt) the p-type of λ.
Let λ and µ be partitions of n of the same p-type which are not p-
restricted (so r0 < n). Write the p-adic expansions as λ =
∑t
i=0 λ(i)p
i,
µ =
∑s
i=0 µ(i)p
i. Then Y λ and Y µ have common vertex Q as defined in
Theorem 4, and their Brauer quotients satisfy
Y λ(Q) ∼= Y λ(0) ⊠ · · ·⊠ Y λ(t),
Y µ(Q) ∼= Y µ(0) ⊠ · · · ⊠ Y µ(t),
as NSn(Q)
∼= Sr0 × NSn−r0 (Q)-modules. Since a p-core is necessarily p-
restricted, λ(0) has the same p-core as λ and µ(0) has the same p-core as µ.
We may apply the inductive hypothesis to the first tensor factor, because
r0 < n. Moreover, the group NSn−r0 (Q) has a unique block, by applying
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Lemma 10 with L = Q. Indeed, if R is an elementary abelian subgroup of
Q generated by p-cycles, and R has maximal rank among all subgroups of
Q with these properties, then CNSn−r0 (Q)
(Q) ≤ CNSn−r0 (Q)
(R) = R ≤ Q.
Therefore, Y λ(Q) and Y µ(Q) lie in the blocks bcp(λ)⊗ b0(NSn−r0 (Q)) and
bcp(µ) ⊗ b0(NSn−r0 (Q)) of NSn(Q), respectively. If λ and µ have the same
p-core, then these blocks are the same, and by Lemma 12, Y λ and Y µ lie in
the same block. Conversely, suppose that λ and µ have different p-core, but
Y λ and Y µ lie in the same block B of Sn. Then, again by Lemma 12, we
have (bcp(λ) ⊗ b0(NSn−r0 (Q)))
Sn = B and (bcp(λ) ⊗ b0(NSn−r0 (Q)))
Sn = B.
However, B has a unique Brauer correspondent with respect to NSn(Q) by
Brauer’s First Main Theorem (see, for example [1, Theorem 14.2], so this is
a contradiction. We summarise our progress so far:
Proposition 13. Let λ and µ be partitions of n of the same p-type which
are not p-restricted. Then Y λ and Y µ lie in the same block of Sn if and only
if cp(λ) = cp(µ).
Step 3: Different p-type. We now aim to find a way to compare two
Young modules which have different vertex. Given any possible p-type
(r0, . . . , rt) with t 6= 0, we claim that there is a partition ν = (ν1, ν2, . . .) of
this p-type such that ν1 − ν2 ≥ p.
Indeed, since t 6= 0, there is some i > 0 such that ri ≥ 1. If ri = 1,
set ν(i) = (1), otherwise, we set ν(i) = (2, 1ri−2); we observe that the
partition ν(i) is p-restricted unless p = 2 and ri = 2. We say that a 2-type
is exceptional if for every i > 0, ri is either 0 or 2. For now, suppose that our
type is not exceptional, so at least one ν(j) is p-restricted, say ν(i) (where
i > 0). Moreover, if ν is any partition of p-type (r0, . . . , rt) having ν(i) in
its p-adic expansion, then ν1 − ν2 ≥ p
i(ν(i)1 − ν(i)2) ≥ p, as required.
Let ν be such a partition and consider the Brauer quotient of Mν with
respect to the cyclic group R := 〈(1, . . . , p)〉. Then, by Lemma 7, Mν(R)
is isomorphic, as a FNSn(R)/R-module, to a direct sum of modules of the
form Mη ⊠ F, where η is a composition of n − p obtained by subtracting p
from a part of ν. Define ξ := (ν1 − p, ν2, . . .); by the previous paragraph, ξ
is a partition of n− p and cp(ξ) = cp(ν).
Observe that if λ ✄ ν, then the factor M ξ ⊠ F does not appear in the
decomposition of Mλ(R); if it did, then λ could be obtained by adding p to
a part of ξ, but all such partitions are less than or equal to ν in the dominance
order. Consequently, Y ξ⊠F does not appear in the decomposition of Y λ(R).
We have, by Lemma 7, that Mν(R) ⊃ M ξ ⊠ F. The module Mν is a
direct sum of Y ν and modules Y λ for λ ✄ ν. Since Y ξ ⊠ F appears in this
decomposition, but not as a summand of any Y λ(R), it follows that Y ξ ⊠ F
is a direct summand of Y ν(R).
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By the inductive hypothesis, Y ξ lies in the block of Sn−p labelled by
(cp(ξ), w − 1) = (cp(ν), w − 1), where w is the p-weight of λ. The group
NSp(R)
∼= Cp⋊Cp−1 has a unique block, by applying Lemma 10 with L = R.
Hence, by induction, Y ν(R) has a summand in the block bcp(ν)⊗b0(NSp(R))
of NSn(R).
Consequently, suppose that λ and µ are partitions of n which are not p-
restricted, and if p = 2, suppose further that neither λ nor µ has exceptional
2-type. Then, by following the above procedure, we can find partitions νλ
and νµ of n which are also not p-restricted such that:
(1) νλ has the same p-type as λ, and νµ has the same p-type as µ;
(2) cp(νλ) = cp(λ) and cp(νµ) = cp(µ);
(3) Y νλ(R) has a summand in the block bcp(λ) ⊗ b0(NSp(R)) of NSn(R)
and Y νµ(R) has a summand in the block bcp(µ) ⊗ b0(NSp(R)) of
NSn(R).
By (1), (2) and Proposition 13, Y λ lies in the same block as Y νλ, and Y µ
lies in the same block as Y νµ . It then follows from (3) and Lemma 12 that
Y λ and Y µ lie in the same block of Sn if cp(λ) = cp(µ). On the other hand, if
cp(λ) 6= cp(µ), then Y
νλ(R) and Y νµ(R) have summands in different blocks,
by the inductive hypothesis applied to Sn−p. By Lemma 12 and Brauer’s
First Main Theorem, Y νλ and Y νµ lie in different blocks of Sn. It follows
that Y λ and Y µ also lie in different blocks of Sn.
We now come to the case of exceptional type: let p = 2, λ be a partition
of exceptional 2-type, and let Q be a vertex of Y λ. Note that the support
of Q has size n − r0. We define the partition λˆ = λ(0) + (n − r0). By a
similar argument to that given above for Y ν(R), Y λˆ(Q) has a summand in
the block bc2(λ) ⊗ b0(NSn−r0 (Q)) of NSn(Q). Hence, by Lemma 12, Y
λ and
Y λˆ lie in the same block. Let
∑
j βj2
j be the 2-adic expansion of n − r0,
where each βj ∈ {0, 1}, and note that some βj equals 1, because n− r0 6= 0.
Then the 2-type of λˆ is (r0, β1, β2, . . .), which is not an exceptional 2-type
and therefore the above argument can be applied to Y λˆ.
Indeed, if µ is another partition of n which is not p-restricted and not
of exceptional 2-type, the argument above shows that Y λˆ and Y µ lie in the
same block if and only if cp(λˆ) = cp(µ). But Y
λˆ and Y λ lie in the same
block, and cp(λ) = cp(λˆ), so we deduce that Y
λ and Y µ lie in the same
block if and only if cp(λ) = cp(µ).
Proposition 14. Let λ and µ be partitions of n, neither of which are p-
restricted. Then Y λ and Y µ lie in the same block if and only if cp(λ) = cp(µ).
Step 4: Projective Case. Now suppose that λ is p-restricted. The module
Y λ is projective and is its own Brauer quotient, so we require a different
approach. We first deal with the case where λ is a p-core.
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Proposition 15. Let γ be a p-core. Then the FSn-Specht module S
γ is
simple and projective.
Proof. We let eγ =
χγ(1)
n!
∑
g∈Sn
χγ(g−1)g; this is the primitive central idem-
potent over Qp corresponding to S
γ . The group algebra QpSn is isomorphic
to a direct sum of matrix algebras, and eγQpSn ∼= Mχγ(1)(Qp). Clearly,
eγ induces an algebra homomorphism θ : QpSn → Mχγ(1)(Qp) with kernel
(1− eγ)QpSn. Denote by φ the restriction of θ to ZpSn; clearly φ has kernel
(1− eγ)ZpSn.
Now, we claim that the image of φ is Mχγ(1)(Zp); since the character
table of Sn is integral and γ is a p-core, eγ is defined over Zp, so φ maps
into Mχγ(1)(Zp). If β ∈ EndZp(S
γ), then by [16, p.162] we have
β =
χγ(1)
n!
∑
g∈Sn
Tr(θ(g−1β)θ(g),
whence φ is surjective.
We can therefore identify the ZpSn-Specht module S
γ with the space of
row vectors, as a module for Mχγ(1)(Zp). Reducing this modulo pZp, we
obtain Sγ/pZpS
γ , which is isomorphic to the FSn-Specht module S
γ , but is
also isomorphic to the only simple module for Mχγ(1)(Fp). It follows that
Sγ is projective and simple. 
A block containing a simple projective module is necessarily a block of
defect zero by [2, Corollary 6.3.4], and hence that simple projective module
is in fact the only indecomposable module in the block up to isomorphism.
So if γ is a p-core and λ is any other partition, then Y λ lies in the same
block as Y γ if and only if λ = γ.
All that remains is to establish the result for p-restricted partitions which
are not p-cores. Recall that S(1
n) denotes the sign module for Sn.
Definition 16. The Mullineux map m is a bijective involution on the set of
p-regular partitions of n, defined bym(η) = µ if and only ifDη⊗S(1
n) ∼= Dµ.
We recall the following result on the dual of a Specht module.
Theorem 17. [9, Theorem 8.15] The dual of the Specht module Sλ is iso-
morphic to Sλ
′
⊗ S(1
n), where λ′ denotes the conjugate partition to λ.
If λ is 2-restricted, then the conjugate partition λ′ is 2-regular and hence
the Specht module Sλ
′
is indecomposable by [17, Theorem 3.2]. In charac-
teristic 2, the sign representation and the trivial representation coincide, so
Theorem 17 and Lemma 11 imply that Sλ and Sλ
′
lie in the same block. If
both λ and λ′ are 2-restricted, then λ is a 2-core; otherwise we may apply
our earlier arguments to the module Y λ
′
. Therefore, in characteristic 2, we
have already established the result.
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For the rest of this step, suppose that p is odd; recall that in odd charac-
teristic, Specht modules are indecomposable. By Lemma 11, Sλ and (Sλ)⋆ ∼=
Sλ
′
⊗ S(1
n) lie in the same block of Sn, say B. Now, S
λ/rad(Sλ)⊗ S(1
n) ∼=
Dλ
′
⊗ S(1
n) = Dm(λ
′) is a composition factor of (Sλ)⋆, and hence lies in B.
Therefore, by Lemma 9, Y λ and Y m(λ
′) lie in the same block. The key result
is the following.
Proposition 18. Let λ be a p-restricted partition of n. Then λ ✂ m(λ′),
with equality only if λ is a p-core.
Proof. Since λ is p-restricted, λ labels a simple FpSn-module Dλ which has
projective cover Y λ. There is an inclusion Dλ → S
λ, and by duality we
obtain a surjective restriction homomorphism (Sλ)⋆ → (Dλ)
⋆ ∼= Dλ. Write
SλZ for the Specht module S
λ defined over the p-adic integers Zp. The map
(SλZ)
⋆
→ (SλZ/pS
λ
Z)
⋆ ∼= (Sλ)⋆
is surjective, and composing this with the surjective restriction (Sλ)⋆ → Dλ
yields a surjective homomorphism (SλZ)
⋆
→ Dλ. Let P
λ
Z denote the unique
(up to isomorphism) indecomposable projective ZpSn-module lifting Y
λ to
Zp, so there is a surjective homomorphism P
λ
Z → Dλ. Since P
λ
Z is projective,
we obtain a non-zero homomorphism P λZ → (S
λ
Z)
⋆
. Let P λZ have character χ;
then the character χλ is a constituent of χ, because the ordinary character
of (SλZ)
⋆
is χλ.
Set µ = m(λ′), and observe that Dλ = D
µ. Hence Y λ is a projective cover
of Dµ, whence there is a surjective homomorphism P λZ → D
µ. There is also
the canonical surjection from SµZ onto D
µ, so again by the universal property
of projective modules, there is a non-zero homomorphism P λZ → S
µ
Z. Hence
χµ is also a constituent of χ, so 〈χ, χµ〉 6= 0.
Now, we have
χ =
∑
ν
〈χ, χν〉χν =
∑
ν
[Sν : Dλ]χ
ν ,
where the second equality follows from Brauer Reciprocity ([15, Section
15.4]). Hence [Sµ : Dλ] 6= 0, and so µ☎ λ.
Finally, suppose that λ = µ (which makes sense because λ is necessarily
p-regular and p-restricted), so Dλ = Dλ: we claim then that λ is a p-core.
Therefore, Sλ is simple, because otherwise Sλ would have two composition
factors isomorphic to Dλ, but [Sλ : Dλ] = 1. Since both λ and λ′ are p-
regular, it follows from [9, 23.6(ii)] that p does not divide the product of the
hook lengths in the Young diagram of λ. But then there are no rim hooks
of length divisible by p in the Young diagram of λ; by [10, 2.7.40], λ is a
partition of p-weight zero, namely a p-core, as required. 
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Define a map on p-restricted partitions by f(λ) = m(λ′). If λ is p-
restricted, but not a p-core, then repeatedly applying the above yields a
chain of partitions λ✁ f(λ)✁ f2(λ)✁ . . . which are strictly increasing in the
dominance order, and stops the first time we reach a partition which is not
p-restricted. Say the chain terminates at µ, so µ is not p-restricted; that is,
Y µ is non-projective. By a repeated application of the argument given in
the paragraph preceding Proposition 18, the modules Y λ, Y f(λ), . . . , Y µ all
lie in the same block. Since µ is not p-restricted, we can apply Proposition
14 to Y µ, and deduce the following:
Proposition 19. Let λ and µ be p-restricted partitions of n, neither of
which are p-cores. Then Y λ and Y µ lie in the same block if and only if
cp(λ) = cp(µ).
This, combined with Propositions 14 and 15, completes the proof of
Nakayama’s Conjecture.
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